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Abstract 

We provide an explicit connection between the differential generation of entanglement entropy in a tensor 
network representation of the ground states of two field theories, and a geometric description of these states 
based on the Fisher information metric. We show how the geometrical description remains invariant despite 
there is an irreducible gauge freedom in the definition of the tensor network. The results might help to 
understand how spacetimes may emerge from distributions of quantum states, or more concretely, from the 
structure of the quantum entanglement concomitant to those distributions. 
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I. INTRODUCTION 


Recently, it has been proposed that the structure of spacetime in gravitational theories may 
inextricably be related with the entanglement structure of some fundamental degrees of freedom 
tlLlj]. The holographic formula of the entanglement entropy yfl 
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S{A) = 


4G 


(d+2) 

N 


Area (7 a), 


( 1 ) 


which provides a prescription to quantify the entanglement entropy S(A) of a region A in a ((i+1)- 
QFT which admits a (d + 2)-gravity dual given by the AdS/CFT correspondence [14-la], happens 
to be a first manifestation of this conjecture. Here, 7 a is the codimension-2 static minimal surface 
in AdS(d+ 2 ) whose boundary and area are given by dA and Area (7 a) respectively. In this context, 
it has been shown that entanglement entropy obeys a first law, an exact quantum generalization of 
the ordinary first law of thermodynamics. Thus, in any CFT with a semiclassical holographic dual, 
this first law has an interpretation in the dual gravitational theory as a constraint on the spacetimes 
dual to CFT states. Based on the Ryu-Takayanagi proposal and this first law of entanglement, 
it is possible to extract the dynamics of the emergent space-time at linearized level (for certain 
entangling regions). This approach has been pioneered by authors in [[TD and followed much more 
precisely in [SD. 

Another proposal to understand the relationship between the structure of quantum entanglement 
and an emergent space-time has recently emerged. Following suggestions in yj], authors in [|2D 
proposed that any two entangled quantum systems may admit a dual gravitational description 
given by a non-trans vers able wormhole geometry. In most cases, the wormhole duals are hard- 
to-describe strongly fluctuating quantum mechanical geometries, but in some cases, the wormhole 
duals may possess a smooth Riemannian geometry. 

In addition, using MERA (multi-scale entanglement renormalization ansatz, [l9D) tensor net¬ 


work representations (particularly its continuous version, cMERA, llflll l. a gravitational-like geo¬ 
metric description of some relevant states in quantum many body systems and field theories have 
been provided [Illl.ll2ll. We refer to lll3Ul7n for more recent progress on this subject. However, 
the relation between the entanglement structure underlying the tensor network construction and its 
geometrical description has been established only on qualitative grounds. 

In this work, we find that the square of the differential generation of entanglement entropy along 
the renormalization group flow implemented by cMERA, amounts to a geometrical description of 
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the ground states of two (l+l)-dimensional QFTs given in terms of the Fisher information metric. 
Instead of focusing on a geometric description of the entangled subsystems, we will carry out our 
analysis by considering the entanglement between the left and right-moving modes of the QFT. 
Furthermore, it will be shown how the emergent geometrical description of the state, remains 
invariant despite there is an irreducible gauge freedom in the definition of the cMERA network. 

The paper is structured as follows: in Section 2, we briefly review the formalism of entan¬ 
glement renormalization for continuous quantum systems (cMERA), especially focusing on the 


coherent state formulation for free Gaussian theories. In any case, we refer to 1110 . 


1211 for more 


extensive treatments and presentations of the topic. Section 3 is devoted to the computation of the 
left-right entanglement entropy and its flow along the cMERA renormalization group process. At 
the end of the section, we provide some hints on the emergent geometrical interpretation of the 
cMERA differential entanglement flow in terms of the relative entropy, a measure of distinguisha- 
bility between quantum states. In Section 4, we comment on the emergent geometry describing 
the cMERA renormalization and its relation with the flow of left-right entanglement computed in 
Section 3. It is shown how this geometric description remains invariant under some class of local 
gauge transformations defined along the cMERA renormalization flow. Einally we summarize our 
results and suggest some issues to be investigated in the future. 

II. ENTANGLEMENT RENORMALIZATION FOR QFT 


Entanglement renormalization (MERA) is a real-space renormalization group formulation on 
the quantum state (instead of the Wilsonian RG scheme) [^10]. MERA represents the wavefunc- 
tion of the system at each relevant length scale u of the system. By convention, u = 0 refers to 
the state description at short lenghts (UV-state Starting from it, (in principle, this amounts 

to a highly entangled state), each scale u of MERA performs a renormalization transformation 
in which, prior to coarse graining the effective degrees of freedom at that scale, the short range 
entanglement between them is removed through the action of an unitary transformation called 
disentangler. Thus iteratively, MERA removes the quantum correlations between small adjacent 
regions of space at each length scale. This RG procedure is applied arbitrarily many times until 
one reaches the IR-state Namely, the procedure may be run backwards so, starting from 

one unitarily adds entanglement at each length scale until the correct is generated. 

To be precise, let us consider the state 14^ (m) ) obtained by adding entanglement between modes 
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of momentum k < Ae “to the unentangled state | ^ir). 


( 2 ) 


where P is a path ordering symbol whieh alloeates operators with bigger u to the right and A is the 
UV momentum eut-off. The operator K {it) generates the entanglement along the eMERA flow 
from uiR to a given u. It reads as, 


K{u) = / d^kT{k/A) g{u,k) Ok, 


( 3 ) 


where Ok is an operator aeting at the energy seale given by k and E (x) = 1 for 0 < a; < 1 and zero 
otherwise. The function g{u, k) is model/state dependent and gives the strenght of the ent ang ling 


process at a given scale. The operator L corresponds to the coarse-graining process [[10 , 


m- In 


this paper we mainly focus on the entangling process, thereby, to get rid of the L process in our 
analysis, we proceed by rescaling the cMERA states as. 




|\['(m)) = P e 


^ir)- 


( 4 ) 


Here, the entangler operator is given in the interaction picture K{u) = e K{u) and reads 

as, 

K{u) = J d^kr{ke^/A)g{u,ke^)dk, (5) 

with Ok = Ok 

In this paper, we will consider two examples of free fields in (1+1) dimensions, namely the free 
massive boson and a free massive Dirac fermion. Eor the free boson theory with action. 


Sb= dtdx [{dt (pf + {dx (pf - , 


( 6 ) 


one has, 

Kb{u) = i j dk (^g^{it) aj. aL^^, - gk (u)* Ofc O-fc) , (V) 

where gk{u) = T{ke^/A) g^{u,k) and a\,ak are the creation and anihilation operators of the 
field mode with momentum k such that, if |0 )b is the vacuum state of the theory then, 0 ^ 10 )^ = 
a-fc|0)_B = 0. 

The free Dirac fermion theory is given by the action. 


Sf= dtdx [ipj ij^dt + ip — mipip] , 


( 8 ) 
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where '0 is a two eomponent eomplex fermion with 7 * = < 73 , 7 ® = ia 2 and -0 = The 

entangler operator in this case reads as, 


Kf{u) =i dk ig,, (u) 4 4 + Qk (*)* Cfc 4 , 


( 9 ) 


where gk{u) = {ke'^/A)T{ke'^/A) g^{u,k) and Ck, dl are the anihilation operators for field 
modes of each component (particles and anti-particles) such that 1I12I1 . 


Cfc|0)_p = d|.|0)F = 0. 


( 10 ) 


In the following we shall omit the subscripts {B, F) while it will be clear to which case we are 
referring. 


Coherent State description of cMERA 


In the bosonic theory, the state in eq.© may equivalently be written as [Il2ll . 


I'J(m)) = Af exp 


dk^k{u) al 


|0)=A/'nexp <f>fc(M)aJ,a4 |0), (11) 


where. 


= / gk{u)du. 


( 12 ) 


The state is normalized by taking M = exp [—1/2 J dfc | <l>fc (m) p]. This state is a Gaussian coher¬ 
ent state annihilated by the operator. 


hk{u) = Ak{u) ttk + Bk{u) 


(13) 


i.e, bk{u)\'^{u)) = 0 with \ Ak{u)\'^ — \Bk{u)\'^ = 1. Eq.(fT3l) amounts to a scale-dependent Bogoli- 
ubov transformation whose model dependent coefficients are given by lllOn . 


Ak{u) = cosh $fc(M) ak - sinh <I)fc(M) 4 
Bk{u) = -sinh<hfc(M) -f cosh$fc(M)4, 
with ak = Ak{uiji), jdk = Bk{ujji). Thus, the state \ '^ir) is defined as, 

ak + Pk ~ 0 . 

In the fermionic theory, |^(m)) reads as. 


(14) 


|4'(m)) = Af exp 


dk ^k{u) 4 4 


|0)=A/'nexp $fc(M)44 |0), 


( 15 ) 


( 16 ) 
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where again, ciw and the state is normalized by A/" = exp [—1/2 f d/c |$fc(M)p]. 

Eq. tfT^ is a displaced vacuum coherent state which is annihilated by the operator, 

'ijjki.u) = Ak{u) Ck + Bk{u) dl, (17) 

i.e, ipkiu)\'^(u)) = 0 with coefficients, 

Ak{u) = cos^kiu) ak + sin^kiu) /3k (18) 

Bk{u) = -sin^kiu) ak + cos^k{u)/3k, 

such that \Ak{u)\'^ + \Bk{u)\'^ = 1, and 

(ofc Cfc +d[,) = 0. (19) 

In this framework, the entangling operation of cMERA in the free theories under consideration 
amounts to a sequential generation of a set of coherent states |1 &(m)) defined through eqs. tfTTT) . 
(fT^ . In both cases, |^(m)) is an non-entangled vacuum for the Bogoliubov-quasiparticles at that 
scale, while as displaced vacuum states, they are highly entangled relative to any state defined on 
a higher scale of cMERA. 


III. ENTANGLEMENT FLOW IN MERA 


In this section, we quantify the entanglement flow required to generate |^'(m)) starting from 
Let us first consider the bosonic case by writing the state in eq.tfTTT) as a superposition of 
Lock states, 

CX> 

|5(“))=n =n (20) 

k n=0 k 

where 

OO 

l^fc(M)) = \nk, n-k), (21) 

n=0 

Lock states \nk, ri-k) oc (a|.)"' {a^_k)"‘ |0) and. 


Cn = Vl -7fc(w), 7fc(w) = 


Bk{u) 


( 22 ) 


_Ak{u)_ 

Here, Ak{u) and Bk{u) are those in eq. (fT4l) . The total amount of entanglement generated between 
all the modes with opposite momenta (|/c| < Ae““) when creating |!&(«)) from amounts to 
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the von Neumann entropy of 


OO CO 

p{u) = Tr[_fc] (^| 5 ( m ))( 5 ( m )|) = nSZ \^n?\^k){nk\ = JJ l?^fc)(nfc|, (23) 

k n=0 k n=0 

where 7 = 'jkiu)- In a free theory where all modes are deeoupled, the entanglement entropy S{u) 
can be written as, 


S{u) 



dkTi [pk{u) logpk{u)] , 


(24) 


with 

CX) 

Pk{u) = 7fc(w)” (1 - 7k{u)) \nk){nk\. (25) 

n=0 


Thus, it is possible to carry out the analysis only focusing on the entanglement generated between 
two modes with opposite momenta (left-right moving modes), i.e. 


Sk{u) = -TT[pk{u) logpk{u) ]. 


A standard calculation for this entropy yields lIlSll . 


(26) 


Sk{u) = log 7 fc(M) - log(l - 7 fc(M)). (27) 

lk[u) - 1 

On the other hand, the entanglement flow in the process amounts to quantify how much entan¬ 
glement is added at each infinitesimal cMERA layer. By differentiating eq. dTTl) wrt u and noticing 
that du^k{u) = gk{u), one obtains. 


duSkiu) 


2V7fc(^) 

(1 -7fc(M)) 


log7fc(w) 


9k{u), 


(28) 


which explicitly relates the rate of entanglement generation with the stregth of the entangling op¬ 
eration ^(^(m). When 7 fc(M) ~ 1 , the factor i2^J'^k{u) / {I - 7 k(u))) logjkiu) ^ -(l + 'ykiu)) ^ 


—2. This allows to write. 


9k(u) 


■duSk(u). 


(29) 


Figure 1 illustrates this relation for the ground state of a free scalar theory with mass m. In this 
case, by variationally minimizing the energy density E = B(ujji) j'l'/ji) for k < A e““, one 


obtains lIlOl. 


m. 




9k{u) = 9{u) = 


2 -f m?/ 


(30) 


where H is the Hamiltonian of the system. 
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(9„5j,(u) vs -2 gt(u) 



FIG. 1: Entropy rate duSk{u) (dots) vs —2gk{u) (continuous line) for thr'ee different masses m = 0.05,1, 5 
of the free boson. The plot has been created taking k = 0.005 and A = 100. duSk{u) is computed by 
numerically differentiating values of Sk{u) obtained thr'ough eg. (1271). The cMERA scale u runs from the 0 
to 9. Eor each case, the rate duSk{u) vanishes at a different scale ujr which increases as m decreases. This 
scale indicates that the renormalization process has reached the state 


In the fermionic case, as tjjk{u)\'^{u)) = 0, and taking into account eq.tfTVl). the state in eq.tfT^ 
can be written as. 


|^( m )) = Affl (l + lk\u)cldk^ | 0 ) 

k 

= AA J] (|0„0rf)fc + 7;/'(M)|l„l,)fc) =AA (31) 

k k 

Here, jhiu) = [Bk{u)/Ak{u)]^ with Ak{u) and Bk{u) given by eq.lfTSl). The states |0c, 0^)^ and 
I Ic, ld)fc refer to fermionic Fock states with no c-particles and d-antiparticles of momentum k and 
one c-particle and one d-antiparticle of momentum k respectively; |0) = Hfc |0c, 0^)*, and 

l^fc(M)) = ^ : (|0c, 0d)k + ld)fc) • (32) 

+ Ikiu) 

In like manner as before, we proceed by focusing on the left-right entanglement of the state 
|\l/fc(M)). This amounts to the entanglement between a c-mode and a d-mode given by the en¬ 
tropy Sk{u) = —Tr [ pk{u) log Pkiu) ], where the reduced density matrix pk{u) reads as. 


Pk{u) = Tr[d] {\^k{u)){^k{u)\) = 


l/(l + 7fc(M)) 0 

0 'jkiu) / {1 +'jkiu)) 
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(33) 








Then, a straightforward calculation yields, 


Sk{u) = log(l + 7fc(M)) - 


lk{u) 


log7fc(M). 


(34) 


(1 +7fc(M)) 

To obtain the rate of entanglement generation along the cMERA flow in the free fermion theory, 
one simply differentiates eq.(l34l). The entanglement flow, as in the bosonic case, results propor¬ 
tional to the strength of the entangling operation and can be written as, 

2V7fc(“) 


duSkiu) = 


(1 +7fc(M)) 


log7fc(w) 


9k{u) 


(35) 


Both eq. (l29l) and eq. (l35l) are major results of this work and, as it will be shown below, they 


shall allow to write explicit formulas linking the rate of entang 


with the geometric descriptions of the process proposed in [Il 2 h . 


ement generation in cMERA flows 


Relative Entropy, Fisher Metric and cMERA Coherent States 


A measure of distinguishability between the quantum probability distributions defined by p = 
Pk {u + du, {7}) and p = Pk («, {7}) has been computed in terms of the relative entropy between 
them O 

>^(p||p) = Tr [plogp-plogp], (36) 

where it has been assumed that 7 = 7 (m + du) ^ 'y{u) + du 'y{u) du. In the bosonic theory, the 


computation yields. 


S{p\\p) = . ^ _s log- + log|^—^ = 4: gk{uf du‘^. 
( 1 - 7 ) 7 ( 1 - 7 ) 


(37) 


In like manner, for the fermionic case one obtains. 
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——— log - - log =Agk{uydu^. 

( 1 + 7 ) 7 (1 + 7) 


(38) 


In information geometry, the Eisher information metric ll2flh is a Riemannian metric defined on 


a smooth statistical manifold, i.e., a smooth manifold whose points are probability distributions 
defined on a common probability space. The metric measures the informational difference between 
those points (distributions) and amounts to the infinitesimal form of the relative entropy. The 
computations above, addressed the case in which these probability distributions correspond to the 
reduced density matrices p and p of two infinitesimally displaced cMERA quantum states. 
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At this point, let us comment on the intimate relationship between the cMERA states and the 
symmetry group underlying the entanglement renormalization group flow. First, we consider a set 
of operators {71} with conmutators, 

[%!}]= 4%. (39) 

The set {71} span an algebra 0 , with the structure constants of g. If g constitutes a semisimple 
Lie algebra, it is rather convenient to express {71} in terms of the Cartan basis {Ni, Ea, -E-a = 

Ely. 

[Hi,Hj] = 0, [Hi, Ea] = ai Ea, (40) 

[Ea,E_a\ = Hi [Ea, Ejs] = NajS Ea+I 3 . 


For such a closed set of operators, the states of the associated quantum theory belong to a Hilbert 
space H which amounts to a representation of g. Namely, if G is the covering group of g, the 
Hilbert space H amounts to an irreducible unitary representation of G. Thus, it is possible to take 
a normalized state |'0o) G H as a fixed state, such that, a coherent state can be generated by an 
element G G as, 

\yg)G = g\yo). ( 41 ) 

The element g E G may uniquely decomposed into g = k ■ h, with h E H, and H the maximum 
subgroup of G whose action, leaves invariant the referent state up to a phase, 

lyh) = hl'ijjo) = (42) 


On the other hand, k is on the coset space G/H and provided that G is a semisimple Lie group, 
it can be written as an operator wich gives a coset representation of G/H, called displacement 
operator D{^). In this sense. 


\yg)G = D{^)Ey,py) = Ey^m). 


(43) 


The state |4'(*h)) is known as the coherent state of G/H and can be written as [12ih 


|vi/($))=AA($) exp(^^«I>„E„) l^o), 
with AA($) a normalization constant. These states satisfy. 


(44) 


d/i($)|4/(<h))(4/(<h)| = /, 


(45) 
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where is the G-invariant Haar measure on G/H. In addition, and of great interest to us, 

eaeh one of these states are one-to-one eorresponding to the points in the eoset G/H manifold 
except for some singular points. As a result, the states |^($)) are embeded into a topologically 
nontrivial space. 

Regarding how the cMERA renormalization group flow is expressed in terms of the coherent 
states I^'(m)) = |^($)), we note that these states are obtained through the displacement operator 
(in the bosonic theory) D($) e SU{1,1)/U{1) [21], 


= exp 



^k{u)* Qka 



(46) 


acting on the vacuum state |0) (which amounts to the reference state iV'o))- Remarkably, the group 
manifold SU{1,1)/U{1) corresponds to a 2-dimensional hyperbolic space. In other words, each 
cMERA state (a quantum probability distribution) corresponds to a point on a two dimen¬ 

sional hyperbolic space. Thus, it is reasonable to argue that once provided a suitable measure of 
the distance between the states |\^(m)), then a geometric description of the cMERA renormaliza¬ 
tion flow should correspond to the metric of a two dimensional AdS space. The results on the 
relative entropy given above also indicate that it would be possible to relate this metric with the 
strength of the disentangling operation gk{u) and therefore, through eq.(l29l) and eq.d^. with the 
differential generation of entanglement entropy along the renormalization group flow. 


IV. EMERGENT GEOMETRY AND ENTANGLEMENT 


In 111 ih . it has been conjectured that, from the entanglement structure of an static (l-i-l) wave- 


function represented by an entanglement renormalization tensor network, one may define a higher 
dimensional geometry in which, apart from the coordinate x, it is reasonable to define a ’’radial” 
coordinate u which accounts for the hierarchy of scales. Namely, in the AdS/CET, it is widely 
accepted that the holographic radial dimension corresponds to the length scale of the renormal¬ 
ization group flow, whereupon it is natural to identify the length scale u with the radial direction 
of a dual geometric description of the quantum state llllll . This conjecture has been qualitatively 
confirmed by comparing how entanglement entropy is computed in MERA tensor networks and 
in the AdS/CET correspondence yD . The geometry emerging at the critical point is the hyperbolic 
AdS spacetime. Eor more generic static cMERA states, it is hypothesized that the metric must be 
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an asymptotically AdS geometry given by, 


= 9uu du^ + e 


(47) 


Reealling our latest eomments on the previous seetion, one may put into eontext this interpre¬ 
tation by noting that a geometric description of cMERA similar to the latter can be defined by 
only invoking to information theoretie eoneepts, without any need to assume the existenee of a 
AdS dual. To this end, we note that in lll2l] . authors obtained the Fisher information metrie whieh 
measures distanees between the eMERA states {|^(m)) / m G [0, uir]}. The distanee measure 


V 


^{u), ^{u + du) 


in the Hilbert space spanned by these eMERA eoherent states, was chosen 


73)2 

^HS 


to be the Hilbert-Sehmidt distanee, 

+ du) = 1 — |(\h(M)|\h(M + du))]"^. 

With this eleetion, the proposal for the guu eomponent of the metrie reads as, 

guu du^ = V~^ Vjjg 5(m) , + du) 


(48) 


(49) 


with V as a normalization eonstant. In this framework, the metrie guu provides a natural means of 
measuring distanees along paths in the spaee parametized by u. 

To illustrate this setting, let us take the free boson theory as an example. The Hilbert space 
of the theory eonsists of a direet produet of seetors, eaeh with fixed momentum k, and V = 
J dkT{ke^/K). In addition, for k < Ae““, $fc(w) = $(m) G M and henceforth, the overlap 
between two eoherent states |\h(M + du)) and |4 ^(m)) (assuming that <I)(m) smoothly ehanges as u 
varies, i.e, $(m + du) $(m) + du^{u)du), reads as. 


|(\['(m)|4/(m + dti))!^ = exp [—V (c)u<I>(m)) du^~\ = exp [—V 5 'fc(M)^. 

Then, making use of eq. (l29l) one obtains. 


jy2 

^HS 


4 ^( m ), 4 ^(m + du) ~ Vgk{u)‘^ du^ = ^ [< 9 „ Sk{u) f' du^. 


Substituting this result into eq. (1491) yields. 


9uu{u) = - l(duSk(u)) (duSk(u))], 


(50) 


(51) 


(52) 


whieh explieitly eonneets the guu eomponent of the eMERA metrie with the entanglement gener¬ 
ated at eaeh step of the proeess. Regarding eqs.(l29l 1^ . guu{u) explieitly reads as 


-,—Au 




4 (g-2u ^2^ 


2 ’ 


(53) 
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with rh = m/A 1. 

In the holographic dual interpretation of cMERA, for the massless case (m = 0) guu{u) = 1/4 
so, eg. (1771) would refer to a pure AdS space. On the other hand, when m 7 ^ 0, the AdS geometry 
remains (guuiu) ~ 1/4) for small values of u while it asymptotically vanishes (guu{u) —)■ 0) 
for u — logm = ujR. In the information theoretic interpretation, this amounts to duSk{u) 
vanishing at a different scale ujr which increases as m decreases. This scale really indicates that 
the renormalization process has reached the state 

The emergent cMERA geometrical structures discussed above, happen to be a realization of 
the recently proposed Surface/State correspondence |ll7i|22D. The correspondence assigns a dual 
quantum state |4/(S)) to each space-like surface S of a dual gravitational theory. This provides 
a generalized notion of holography as the proposal does not rely on the existence of boundaries 
in gravitational spacetimes. Essential to this duality is the concept of effective entropy S'eff(S), 
which amounts to the log of the effective dimension of the the Hilbert space associated to S. 
In the discrete version of MERA, 5'efr(S„) measures the number of links of the network which 
intersect with the surface given by a fixed scale u. While the information metric in cMERA 
was computed in 1 I 12 I 1 for surfaces to yield guu ~ 5'efr(S„), here in like manner to [Il2l.ll7ll (i.e. 


using the quantum distance between two infinitesimally close 147(E)) quantum states), we have 
obtained a geometrical description of cMERA in terms of the entanglement flow along the tensor 
network, formulated as the left-right entanglement between modes at each length scale u (eq. (l52l) f. 
In the light of these results, one might argue, at least for the cases where cMERA may be casted 
in terms of coherent states, that the entanglement flow along cMERA turns out to be an effective 
way to compute S'efr(E„). 

It is important to note that S'eff(S„) cannot be trivially related with the holographic entangle¬ 
ment entropy S{A) of an arbitrary spatial bipartion (which amounts to an arbitrary Hilbert space 
decomposition different from the left-right moving mode decomposition used in this paper). Even 
so, in 1I12I1 it has been shown that S'eff (S^^) directly relates to 5'(A) when A is half of the space (i.e, 
as one considers the equal bipartion of the total space). In this case, the holographic entanglement 
entropy 5'(A) reads as. 


S(A) oc 


r^iR 


yjguu diU 


fUlR 


y/‘S'eff (E^) du. 


( 54 ) 
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Geometry Fluctuations and Cramer-Rao bound 


An interesting eorollary may be obtained from Eq. (l52l) . Let us eonsider an observer (with 
density matrix p = | (u)) (\h (u) |), wishing to estimate the value of the radial eoordinate u through 
a measurement of the position operator Xu such that (XJ = Tr ^ p X„ j. An important result in 
information theory known as the Cramer-Rao bound OOll . establishes that the lowest bound for 
{{5uf) = Tr f p (X„ - uf ] is given by, 


{{5uf) > 




(55) 


This states that the larger are the changes in the probability distributions along the u-coordinate 
(measured by the Fisher metric), the better are the estimations for the value of this coordinate. For 
the bosonic theory, the bound reads as, 

1 


iiSuY) > 


(56) 


[duSk{u)Y 

In the massless limit of this theory, both Sk{u) and du Sk{u) must be proportional to the central 
charge C of the theory so, {{SuY) ~ C~‘^. Thus, if one conjectures that for the cMERA construc¬ 
tion of theories with large C, still holds that the Fisher information metric guu oc [(9„S'fc(M)]^(and 
hence eq.(l56l)l. then, as a result, one gets that the estimation error {{SuY) would become largely 
suppressed for those theories. This seems to conform to the emergence of classical geometries in 
the large C limit, as stated by the AdS/CFT correspondence [Il7n . 


cMERA gauge invariance and Fisher metric 


Finally, we show how certain gauge invariance of the cMERA flow directly reflects on the 
invariance of guu- To this end, let us first note that the cMERA evolution operator 


U{u^\uib) = Q'X-V \—i / K{u)du], 

■luiu 


can be written as. 


Here, 6u = du and 


U{u\u + du) = exp (-iK(u) du) , 


(57) 


+ du)---l7(u- duju)[/(uju + du) ■ ■■U{uir - dYum). (58) 


(59) 
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corresponds to an infinitesimal layer of oMERA. It happens that the operator U{u^\uir) remains 
invariant if one inserts the produet G\u) G{u) of a unitary seale-dependent gauge transformation 
G{u) and its inverse in between any two layers 


U{u — 5u\u) G\u) G{u) U{u\u + (5„). (60) 

In addition, one must impose that 

G{uir)\'^ ir) = |\ 1 //h), (61) 

to guarantee that |1 ^(m)) remains invariant. The gauge transformed layer operator 

U{u\u + du) = G{u) U{u\u + du) G\u + du), (62) 

up to first order in du reads as, 

U{u\u + du) = exp —idu (^G{u) K{u)G\u) + iG{u) duG\u)^ . (63) 


Thus, under a gauge transformation G{u), the entanglement generator of the eMERA flow K{u) 
transforms as, 

K'{u) =G{u)K{u)G^{u)+iG{u)duG\u). (64) 

Here we are interested in the elass of gauge transformations whieh leaves the Eisher information 
metrie guu{u) in <l52l) invariant. Eormally, the Eisher metrie is defined through, 

Quu = {du^{u)\du^{u)) - {du^{u)\^{u)){^{u)\du^{u)), (65) 

where we have used the eompressed notation 

|9„^(m)) = du |^(m)) = -iK{u)\^{u)). (66) 

With this, guu can be written as the varianee of K{u), 

gun = {^{u)\K{u)^\^{u)) - {^{u)\K{u)\^{u)f. (67) 

Now, regarding eq. (l64l) . it is elear that guu will remain invariant under a gauge transformation 
G{u) of the eMERA flow provided that K{u) = K (u). In this sense, let us foeus on the gauge 
transformations G{u) = exp {ie 0{u)) generated by a self-adjoint seale-dependent loeal operator 
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0{u), with e being a small parameter. Under these assumptions, the transformation in (l64l) ean be 
written as, 

K'{u) = K{u) + eVuO{u), (68) 

with 

V„ 0{u) = du 0{u) - i \k{u), 0{u) \ . (69) 

Here, we note that the equation whieh defines the eMERA flow for an operator sueh as 0{u), 
is similar to the equation of motion of an operator in the Heisenberg pieture with respeet to the 
M-dependent Hamiltonian K{u) ll^ . This equation reads as, 

duO{u)=i\K{u),0{u)\. (70) 

whieh implies that, 

V„(9(m)=0, (71) 

and thus, K {u) = K{u). Regarding eq. (l67]) . this eondition assures the invarianee of guu for this 
elass of gauge transformations on the eMERA flow. 


V. CONCLUSIONS 


We have explieitly shown how the information metrie emerging from a statie eMERA state 
amounts to the differential generation of entanglement entropy along the renormalization group 
flow. We also eharaeterized a elass of gauge transformations of this flow whieh leaves the metrie 
invariant. The results have been derived only for free gaussian theories so, it would be desirable 
to eheek if these results possess some useful generalizations in the ease of interaeting theories. 
In this sense, the ground state and eorrelation funetions in a theory of interaeting (1+1) bosons 
have been eomputed by means of a eontinuous version of the matrix produet state tensor network 
(eMPS) 1 I 23 I 1 . Nevertheless, in these tensor networks, the entanglement struetures needed to build 
a state deviates from the multiseale analysis earried out by eMERA. Eurther investigations might 
also address non-stationary settings sueh as quantum quenehes. Entanglement renormalization 
deals with time dependent states [Il2n but taekling spaee and time on quite different grounds. It is 
worth to investigate if the analysis of the entanglement flow in this states eould provide some light 
in order to formulate a time-dependent eMERA in a eovariant way. Einally, it would be also worth 
to elarify if it is possible to generate eMERA states/eMERA entanglement flows, eompatible with 
information metries whieh extremize a (gravitational-like) aetion funetional. 
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